Abstract-Numerical simulations are developed and applied to analyze the dynamics of dilute colloidal suspensions of molecular nano-particles in dilute solutions flowing in confining pore channels, subject to hydrodynamic forces, and Brownian motion. The numerical simulations are developed by deriving appropriate algorithms based in Jeffery formalism (in 3D) for the particle dynamics. A theoretical model is intensively developed to treat a number of basic ingredients for the simulation algorithms for the pore channels, in particular the dynamic restitution of the nano-particles due to their diffusive collisions at the pore boundaries, the appropriate boundary conditions flow at atomically rough solid boundaries, and the influence of Brownian dynamics in the colloidal suspensions. These and other ingredients for the numerical codes are designed to calculate rigorously and efficiently the PDF distributions for the molecular-particles under equilibrium dynamics. The PDF distributions for the orientations of these particles are calculated by applying the numerical simulations. This procedure also permits calculating the nematic order parameters for the colloidal suspensions on a nano scale in 3D. The calculations of the PDF distributions and nematic order parameters are carried out for diverse species of molecular nano-particles, to investigate the influence of their varying forms from rod-like to ellipsoidal with corresponding diffusion rates.
I. INTRODUCTION
The dynamics of molecular polymer particles in dilute colloidal suspensions in solutions flowing inside pores of variable submicron sizes are long-standing research topics that continue to pose outstanding questions. Aside from their importance for traditional applications such as, coatings [1] , [2] , polymer processing, and catalysis [3] , the topic of the flow of such colloidal suspensions in porous media, has recently taken on renewed interest in chemical and biological analysis, for example in protein diffusion in membranes [4] and in the circulation of red blood cells and platelets inside the human body [5] , [6] . There is a great amount of research work which has also addressed the problem of the dynamics of colloidal particles suspended in a flowing solution with biological and engineering applications [7] - [10] . Colloidal particles have a variety of forms, including rod-like and ellipsoidal particles, which show a rich Brownian dynamics. Rigid rod-like and ellipsoidal molecular particles have gained considerable technological importance in the production of high-modulus and high-strength fibers and films due to their excellent mechanical properties [11] , [12] .
The origin for most current models for the study of the dynamics of colloidal non-spherical particles in a shear flow is historically the approach proposed quite early by Jeffery [13] . This pioneering research work investigated the rotational behavior of a single ellipsoidal particle in a Newtonian fluid. The overall rotation of the colloidal particles in the bulk liquid is referred to as a Jeffery orbit, which will be discussed in detail in Section II.
Our study is focused on the determination of the PDF distributions and the corresponding nematic order parameter for the positions and the orientations of the dilute colloidal suspensions of rod-like and ellipsoidal molecular particle, in the 3D-spatial frame. We have chosen also to calculate, by the available simulation codes, the interactions of these particles with two types of surface boundaries, namely the idealized flat and the rough. This permits to illustrate the difference between the equilibrium dynamics in the depletion layer next to both types of surface boundaries, and to compare their corresponding distributions.
It is well known that it is intractable to study by the only analytical means the dynamics of the molecular polymer particles in dilute colloidal suspensions near solid surfaces, because of the random nature of the Brownian motion and the equally random nature of diffusive collisions. The only viable alternative is to do this by numerical simulations with appropriate algorithms
II. COLLOIDAL PARTICLE MODEL IN 3D-SPATIAL FRAMES
Particles moving in a suspension tend to orient themselves in the direction of the hydrodynamic flow shearing which can be quantified by fluid velocity gradients. Jeffery [13] showed for a bulk fluid that a single fiber has a closed periodic tumbling motion in simple shear flow, often referred to Jeffery's orbit. Even though this periodic motion has been validated in experiments for dilute bulk suspensions [14] - [16] , the interaction of polymer particles with each other as their concentration increases, and with the solid surface boundary of pores, leads to other induced ordinations.
Our present research work deals with dilute suspensions of colloidal particles and hence does not consider the interaction effects between the particles; we focus instead on the polymer particle -solid surface boundary interactions. The orientations of dilute colloidal particles in the bulk of a flowing fluid in a 2D-spatial frame have been studied early by Boeder [17] , who introduced a differential equation (BDE)taking into account the dynamic effects due to the Brownian and hydrodynamic forces acting on the particles. In this paper we go beyond the algorithm based in Boeder's BDE and used previously for the 2D-spatial frame [18] - [20] , in order to establish an appropriate algorithm based in Jeffrey's equations to calculate the appropriate stochastic PDF distributions in the 3D-spatial frame, for rod-like and ellipsoidal particles in bulk liquid solutions and in the vicinity of the solid surface boundaries of surrounding pores. The mechanical restitution model [18] - [20] at the solid boundaries is extended consequently to 3D, and combined with the detailed implementation of Jeffery's equations not only in the bulk but also in the depletion layer.
We consider in general a simple shear flow acting on an ellipsoidal particle,
The motion of a solid ellipsoid particle, suspended in a simple shear flow is computed analytically [13] , neglecting the inertia of the fluid and the particle. The ellipsoidal orientation is defined by three angles (), which determine the Cartesian coordinates x, y, z. In contrast, a local coordinate system x', y', z', translates and rotates with the ellipsoidal particle, see Fig. 1 . In Jeffery's theory it is assumed that the ellipsoidal center translates with the same linear velocity as that of the particle centriod. In these equations, r e = L/d, (L and d are respectively the length and diameter of the macromolecular particle), is the aspect ratio of the ellipsoidal particles, is defined as the angle of the particle with respect to flow direction, as the vorticity axis; = 2 when the ellipsoidal particle lies in the plane of shear.
Note that for large r e >> 1, (L>>d), the ellipsoidal form turns into rod-like particles, and Jeffery's equations become
The θ and defined in a fixed Cartesian coordinate system, as shown in Fig 

The hydrodynamic force tends to align the particles in the direction of the shear flow, is taken as positive or negative in the trigonometric sense. To simulate the hydrodynamic effects in a time interval t between two successive simulation events labelled s and s+1, we compute ℎ ( + 1; ) , and ( + 1; ) , the hydrodynamic rotation about the centre of mass of the particles, using the following algorithm
In contrast the Brownian forces in the liquid solution create a diffusive rotational motion of the particles, for which the rotation variables ( + 1; ) and ( + 1; ) can then be assumed in the algorithm as previously for in the form
The Brownian rotations, ± and ± , are clock and anticlockwise. In this procedure the simulation time interval t is related, as previously [18] - [20] , to an effective variable for the Brownian rotation diffusion by the following equations
D rot is the rotational diffusion coefficient of the macromolecular particle about its centre of mass. For the small t simulation time intervals to be unique, at least for hydrodynamic events, they must satisfy International Journal of Computer Theory and Engineering, Vol. 6, No. 5, October 2014 There are two ways to treat , in the numerical simulations, as follows
Eq.(8a) is based on the assumption of independent and random Brownian simulation events, where the rod-like particle symmetry cuts the same diffusion coefficient in whatever angular displacement it makes. This underestimates somewhat the physical relation of and for hydrodynamic events, which can be derived directly as in (8b). However, Eq.8b would overestimate this relationship in the global simulation since random Brownian events may be viewed as disconnected. Eqs.(8a) and (8b) yield respectively ( + 1; ) = ± (9a)
We have used both Eq. (9a) and Eq. (9b) to run our overall simulations, for a variety of hydrodynamic conditions. The results do not differ in any significant manner. It is noticeable however that we gain on the calculation time when simplifying the simulation conditions, by considering , = 1.
The time interval t can be now eliminated from the hydrodynamic algorithm using Eq. (8a), so that equations Eq. (3a) and (3b) become Gaussian rough surface boundaries.  = 0 is the reference plane corresponding to the lowest material step levels that a particle extremity can touch in diffusive collisions. Fig. 2a, and Fig. 2b , present the normalized PDF orientation distributions, P (, ), as a 3D contour fill surface, over the plane (, ), for rod-like macromolecular particle in the bulk of a flowing solution in the 3D-spatial frames, for different Peclet numbers , from a relatively low value, as in Fig. 2a, to a high value Fig. 2b . The angles  and  represent the orientational angle in 3D space for the rod-like particles. Note that we use a color scheme in these figures: red corresponds to the highest probability for the PDF distributions, and black to the lowest. Note also that the absolute numerical values per color interval may vary from one set of PDF figures to another.
A. PDF Distribution Results for Rod-Like Particles in the Bulk Solution
The colloidal rod-like particles in dilute suspensions orient themselves in the bulk of the flowing solution under the influence of two primary forces, the Brownian and the hydrodynamic forces. The hydrodynamic force tends to act on the particle to turn it in the shear flow ( = 0˚). In general, the simulation results, valid for the open interval =] 0°, 180° [ Indicate that for low flow conditions, with a typically low Peclet number α = 1, the Brownian effect is dominant for the rod-like particles in comparison with the hydrodynamic motion. For high flow conditions, which correspond to typically high Peclet numbers, α 100, the influence of Brownian motion is less important. For the higher Peclet flow the particle orients increasingly in the direction of the flow under the dynamic equilibrium conditions. Moreover, the PDF probability around = 0 and = /2 increases with increasing α.
The above results are calculated by numerical simulations. However, we do dispose at present of any experimental data to compare with, in particular for the nematic order parameter in the neighborhood of solid surface boundaries in the depletion layer. Fig. 3a, and Fig. 3b, and Fig. 4a , and b present the angular normalized PDF distributions, P (, ), as a 3D contour fill surface, over the plane (, ), for ellipsoidal macromolecular particle in the bulk solution, for different Peclet numbers . The results correspond to gradually increasing the Peclet number from a relatively low value, as in Fig. 3a , and b to a high value in Fig. 4a, and Fig. 4b . This is done in each case for the aspect ratios: r e = 1.02 and 2 which correspond in each group respectively to a, and b. the angles  and  represent the orientation angle for the ellipsoidal particles in the 3D-spatial frame. Note that we use a color scheme in these figures, where red corresponds to the highest probability for the PDF distributions, and black to the lowest. Note also that their absolute numerical values need not necessarily have the same value from one set of figures to another. Indicate that for low flow conditions with a typically low Peclet number α = 1, the Brownian effect is dominant for the particles in comparison with the hydrodynamic motion. For relatively medium and high flow, which correspond to typically high Peclet numbers α = 100, the influence of Brownian motion is less important compared to that due to the hydrodynamic motion. For the higher Peclet flow the macromolecular particle orients increasingly in the direction of the flow under the dynamic equilibrium conditions. Moreover, and regardless of the value of the aspect ratio value, the PDF probability around = 0 and = /2 increases with increasing α. Fig. 3a and Fig. 3b , present the simulation results for the normalized PDF distributions of the colloidal particles in the bulk solution, under the conditions of dynamic equilibrium, as a function of a fixed small Peclet number, α = 1, with increasing aspect ratios r e = 1.02, and 2. The nearly spherical particles for aspect ratio r e = 1.02, yield the results presented in Fig. 3a . These indicate, as expected, a relatively uniform distribution in the , plane, with already some perceptible symmetry about the = /2 direction. We find this symmetry for all the results of the numerical simulations since the Brownian motion dictates this. To understand Fig.  3a it is important to recall that a particle with spherical symmetry, for which the aspect ratio is strictly r e = 1, has no preferential axis with respect to the flow direction or with respect to the vorticity axes. For such a perfect symmetry we expect that the PDF would be perfectly uniform in the , plane. Fig. 3b shows next the normalized PDF distributions for the greater r e = 2 aspect ratio. In this case the PDF distribution is visibly different from that for r e = 1.02, for which the colloidal suspension acquires an orientation tendency, with a distribution that presents particle concentrations in the narrower solid angle window Comparing the PDF results of Fig. 3a , and Fig. 4ait is evident that increasing the Peclet number for the fixed aspect ratio, r e = 1.02does not change the overall aspect of the normalized PDF distributions. Increasing the strength of the hydrodynamics flow increases, however, the concentration of the particles in the direction of flow and reduces the importance of the contribution of the Brownian motion.
B. PDF Distribution Results for Ellipsoidal -Like Particles in the Bulk Solution with Different Aspect Ratio
Comparison of Fig. 3b, and Fig. 4b , shows next the simulation results for colloidal suspensions with aspect ratio r e = 2, for the increasing Peclet number, α = 1, and 100. It is again observed that increasing the flow will accentuate the PDF distributions into smaller windows in the , plane. In contrast with the calculated effects at small α, the results for high hydrodynamic flow conditions show that the colloidal particles tend to regroup in significant concentrations, under the conditions of dynamic equilibrium, in the narrow solid angle window
IV. NEMATIC ORDER TENSOR S
The nematic phase is characterized by long-range orientation order; i. e. the long axis of the ellipsoidal molecules tends to align along a preferred direction. The locally preferred direction may vary throughout the medium.
Given the complexity of the colloidal suspension, it is necessary to consider a tensor description of their order which commonly called as the nematic phase order in the solution. A natural order parameter to describe the ordering, is the second rank tensor [21] , as follows
N is the number of el particles in the solution and the indices correspond to Cartesian directions = (x, y, z), and is second rank unit tensor
In our system coordinate system
These yields to
As previously, ( , ) is the probability to find the ellipsoidal particles with the orientation given by the angles  and , i.e.the PDF in the 3D-spatial frame This tensor form has been used extensively in the molecular theory for colloidal particles [22] , for fiber-like charged particles [23] , and in recent research studies [24] , [25] .
Calculation of the Nematic Order Tensor for Bulk Solution
In this part the order parameter tensor , for ellipsoidal particles is calculated for different aspect ratios r e , and Peclet numbers The sense of the indices (r e , on S are evident.
We give next, in matrix form following the Cartesian directions, the numerical results for the calculated , in bulk solution for (r e , using the corresponding normalized PDF distributions ( , )calculated previously in Section III and Section IV. Our simulations yield directly the nematic order parameter for colloidal suspensions in the over its tensorial representation, for a variety of forms of ellipsoidal particles selected to correspond to real molecules particles.
